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BENDING OF ELASTIC PLATES
WITH A PHYSICALLY NONLINEAR INCLUSION

I. Yu. Tsvelodub UDC 539.3

An infinite elastic isotropic plate with an elliptical, physically nonlinear inclusion loaded at infin-
ity by uniformly distributed moments is considered. Surface loads are absent. The problem of the
stress—strain state of the plate is solved in a closed form. It is shown that, for reasonably general
stress—strain relations for the inclusion, the bending-moment field (and the corresponding curvatures)
in the inclusion is homogeneous.

Key words: pure bending of an infinite plate, elliptical, physically nonlinear inclusion, homoge-
neous moment field.

The problem of the stress—strain state of an elastic plane with an elliptical, physically nonlinear inclusion
(EPNI) under plane strain or generalized plane stress conditions loaded at infinity by uniformly distributed stresses
was considered in [1, 2]. It was shown that, under the assumption of stable deformation of the inclusion, there
exists a unique solution of this problem, such that the stress—strain state in the EPNI is homogeneous. In the
present paper, the results of [1, 2] are generalized to the bending case using the well-known analogy between plane
problems and plate-bending problems in the theory of elasticity [3, 4]. In particular, single-valued relations between
the homogeneous moment fields at infinity and in the EPNI are established.

1. Formulation of the Problem. We consider an infinite isotropic elastic plate of uniform thickness h
with an EPNI (of the same thickness h) loaded at infinity by uniformly distributed moments Mg (k,l = 1,2). The
coordinate system Oxjxoxs is chosen in such a manner that the equation of the boundary L between the elastic
medium S and the inclusion S, has the form xia,:z =1 (a1 > a2). Here and below, summation from 1 to 2 is
performed over repeated indices.

For the plate, the strain—displacement relations are [5]

Ekl($17$27x3) = T3k, Akl = _w,klv

(1.1)

w = w(x1,T2), (x122) € SUS,, |zg| < h/2,

where the subscript after the comma denotes differentiation with respect to the corresponding coordinate. In the
absence of surface loads, the equations of equilibrium of the plate are written as [5]

h/2 h/2
Qr = My, Qrr =0, Qr = / o3y dzs, My = / Orix3 dxs, (1.2)
—h/2 —h/2

where w is the deflection, Qx and My, are the transverse shear forces and bending moments, respectively, and
oy are the stress components. In (1.1) and (1.2), and below, k,1 =1, 2.
On the boundary L, the following quantities should be continuous [4]:
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Here G = Myngn;, Q@ = Qrni, H = Mynit;, ny and t; are the components of the unit normal and tangent vectors
to the contour L, respectively, and s is the arc length of the contour.
In the elastic domain .S, the relations between the moments My, and curvatures s; are given by [4]

My = D[(1 — )51 + Vpn k1), D = ER?/[12(1 — v?)], (1.4)

where §x; are the components of the unit plane tensor, D is the cylindrical rigidity, F' is Young’s modulus, and v is
Poisson’s ratio.
For the EPNI, the constitutive equations are written as

okl = Fri(€mn), Ekl = T3k, Fri(—emn) = —Fri(emn), (1.5)

where F}; are nonlinear differentiable functions of arguments satisfying the inequality

giji Eri&mn >0 (&ri&r #0),

which is equivalent to the condition of stable deformation of the inclusion S, [2, 6]

AUMAEM >0 for AEMAEM 75 0 (1.6)

(Ao, and Aey; are the increments of stresses and strains, respectively).
Inequality (1.6) ensures that the following relations implied by (1.2) and (1.5) are solved uniquely for the
curvatures sy: h/2

Mkl =2 / Fkl(xgxmn)l‘g d$3.
0

Indeed, considering the difference between two possible solutions, we obtain

h/2 h/2
/ AFyxsdrs = / aklmnA%mnxg dxg = 0.
0 0

Here akimn = (0Fki/0€mn) and €, = )\6,(5) +(1- )\)6,(621), where 0 < A < 1 [6]. Since A, are independent

of x3, this relation yields

ok
Emn=Emnp

h/2
/ aklmnA%mnA%klxg dxg =0,
0
which is possible only if Asy =0 (k,1 =1,2).
If the moment field Mj; in S, is homogeneous, i.e., My;; = 0, the curvature field sz is also homogeneous.
This conclusion is inferred from the relations

h/2 h/2
OF;
My =2 / Okl,iT3 dxrs = 2 5% M Smki3 ds, (1.7)
O 0 mn

which follow from (1.5). Setting the right side in (1.7) equal to zero, multiplying by s ;, and performing summation
over k and [, we obtain the equality

h/2
0Fy,

2
a7 Xmn,i¥kl,iT3 dZIIg =0
Ocmn

0
(no summation over ¢ is performed), which holds only for s ,; =0 (i, k,1 = 1,2).
Examples of functions (1.5) are functions similar to those considered in [5]:

2 0
or = = 23 — (501 + Hunbl), o = 0i(eq),
3 E;
gi? = gfl — 011022 + 032 + 30%2, i = |35, (1.8)
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%1-2 = 4(%%1 + 22115099 + %52 + %%2)/3,

where o; and ¢; are the stress and strain intensities, respectively.
Condition (1.6) is reduced to the inequality o > 0 [6], which is equivalent to the inequality p > 0 for the
power function o; = Boe?. In this case, from (1.8), we obtain the relations between My, and sy

n B p+2
My = Dy w Dy = 870@) ,
3(p+2)\2

which are easily inverted:

Ml = C()Mi(lip)/p(Mkl - Mnndkl/3)a

M? = M, — Myt My + M3, +3MB,  Co = (3/2)(3D0/4)71/7.

2. Solution of the Problem. As noted above, a homogeneous stress—strain state occurs in the inclusion
in a similar problem of an elastic plane under uniformly distributed stresses at infinity. We show that the moment
and curvature fields in the EPNI are also homogeneous for the case of pure bending.

It follows from (1.2) and (1.4) that the deflection w in the elastic domain S satisfies the biharmonic equation
and, hence, can be expressed in terms of two functions ¢(z) and x(z) of the complex variable z = x1 + a2 [3]:

2w =Zp(z) + zp(2) + x(2) + x(2). (2.1)

Treating the function w as a function of two independent variables z and Z, we obtain the following relations
for the moments My in S [3, 4, 7]:

My + Mas = —2D(1 + I/)[(I)(Z) + (I)(Z)] =—-4D(1+ V)’w7zg,
MQQ - M11 + 2iM12 = 2D(1 - V)[E(I)I(Z) + \IJ(Z)] = 4D(1 - V)w’zz, (22)

(z) =¢'(2),  ¥(z) =x"(2)

We assume that the moment field My, (and, hence, the curvature field s;) in the EPNI is homogeneous.

From the relations wy = —s, with accuracy to a linear function of x; and x3, which has no effect on the
stress—strain state in Sy, we find that 2w = — a2 or, in the variables z and Z,
8’LU(Z,E) = (%22 — 11 + 2i%12)2:2 + (%22 — X1 — 21'%12)52 — 2(%11 + %22)2’3. (23)

The functions ®(z) and ¥(z) in (2.2) should satisfy the boundary conditions on L [4]
(1) — M®(7) — [0 (1) + ¥(7)] ¥ = fr.  (k=1,2),

)\1 = —]., )\2 = (3 + ’U)/(l - V), (24)

S

e dwatiwy) L, dw B 1 .
hi=e ds =2e ds ’ fz_D(l—y)[G Z(H—F/st)}’
0

where « is the angle between the normal vector to the contour L at the point 7 and the Oz axis. The quantities
in the expressions for f; and f> are assumed to be specified on L as functions of the arc coordinates s.
The relations [3, 7]

2= (rig) 2m et (moia)

imply that

Therefore, fi in (2.4) is the boundary value of the function 2(w_z — e*®w ). From (2.3), we obtain
2f1 = —[%11 + 99 =+ (%22 — 11 + 2i%12) eQi"‘]. (25)
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Approaching the boundary L from the domain S, and bearing in mind that n; = t; = cosa and no = —t;
=sina and My, =0 (i, k,1 = 1,2) by virtue of the assumption, for the quantities G, H, and @ in (1.3), we obtain

2G = My, + Mao — (Mgg —Mll)cos2a+2Mlgsin2a, 2H = (Mgg—M11)51n204+2M12COS204, QZO

It follows that ) 0
2D(1 — V)fQ = M11 =+ M22 — (M22 — M11 + 2ZM12) e za. (26)

Let the domain S be mapped onto the exterior of the unit circle v in the complex plane ¢ [3]:

z=w(() = Ro((+m¢™), ¢=pe, 2Rg = a1 + ag,

m= (a1 —az)/(a1 +a2) (0<m<1).

For p = 1, Eqgs. (2.4)—(2.6) yield the boundary conditions for the functions ®;(¢) = ®(w(¢)) and ¥4(C)
= ¥(w(¢)), which determine the stress—strain state for |¢| > 1 [3]:

®1(0) = M®1(0) — [w(0) | (0)/w'(0) + Wi(0)] ¥ = Fi(0) on 7,

o) =fi (h=12), o=e = 0%/(0)/(o). 2
Subtraction of the second equality from the first equality in (2.8) yields
®y(0) = (1 —v)[Fi(o) — F2(0)]/4 on 7.
Then, relations (2.5)—(2.8) and the well-known formulas [3, 7] can be combined to give
©1(Q) = A— (B +iC)(m—¢7%)/(1 —m(™?),
wy(0) = A= PO = TCom = ¢ = HQE ) o (2.9)

1—m(2
Q¢ =) =A-(B-i0O)(m -/ -me?),  [(]>1,
8A = 2(1 — V)Al — (Mll + Mgg)/D, 8B = 2(1 — I/)Bl + (M22 — Mll)/D,
4C = (1 —v)Cy — M2/ D, 2A1 = — (511 + 522),

2By = — (3122 — 2111), Ch = 2.

Letting |¢| — oo, from (2.2) and (2.9) we obtain the following formulas relating the stress—strain state in the
EPNI to that at infinity:

M + M55 = AD(1 + v)(mB — A),

MSS — MY + 2iMps = 2D(1 — v){m(A; — 24) + (1 + m?)B — By +i[Cy — (1 — m?)C]}.
Solving these relations for the curvatures s, in the domain S, we obtain

D(1 - v)s11 = a11M11 + a1aMaz + by MyT + b2 My,
D(1 — v)s93 = a12M11 + agaMag + bio M7y + bao MY,
D(1 —v)s12 = aMy2 + M7y, a1 = FP(m), agy = FY(—m), (2.10)
a2 =—1+v)/3+v), a=—1-v)1-m?)/4—-1-v)1-m?),
bit = F(m),  byp=F(-m), ba=01-v)/[B+v)(1+v)], b=1-aq
FP(z) = —2(1 - 2)/[(3 +v)(1 + 2))],

FY(z) = [Bv+5+2(1 —v)]/[(3+v)(1 +v)(1+ ).
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Relations (2.10) and (1.5) subject to condition (1.6) can be solved uniquely for the moments Mjy; in the
EPNI. Indeed, given Mgy, the difference of two possible solutions in (2.10) is

D(l — V)AMMA%M = all(AMll)Q + 2&12AM11AM22 + CLQQ(AMQQ)Z =+ 2a(AM12)2 < 0,

since a1; < 0, aj1aze — a2y > 0, and a < 0, whereas it follows from (1.6) that

h/2
AMp Ay = 2 / Aoy Aeyrsdrs > 0 for Az Ay 75 0.
0

Hence, A%kl =0 and AMM =01in S* (k,l = 1, 2)

It should be noted that the solution constructed above for the stress—strain state in the domain S U S,
produced by the moments M} applied at infinity is unique, i.e., the stress—strain state in the EPNI is homogeneous.
To prove this statement, we use inequality (1.6) and the following reasoning similar to that given in [3] for a plane
elastic problem in an infinite domain. Since My, are limited as |z| — oo, the functions ®(z) and ¥(z) in (2.2) are
holomorphic at infinity. Thus, discarding the logarithmic terms and terms linear in z and Z, which have no effect
on the stress—strain state, from the expression for w (2.1), we obtain, as |z| — oo,

@(z)zalz—ka_lz*l—l—... , X(z)=b222—|—b_1z*1—|—... ,
where
ay = —(MX + M$S)/[AD(1 + v)], by = (M$S — M + 2iM?5)/[AD(1 — v)].

Since Ima; has no effect on the stress—strain state, it is assumed above that a; = @7. Using the expressions for
the functions ¢(z) and x(z), from (2.1) and (2.2) for the difference between two possible solutions corresponding
to the moments MY, we infer that Aw is limited as |z| — oo and dAw/dIn = O(z71), AMy; = O(z72), and
AQ + 0AH/ds = O(z73).

Instead of the domain S, we consider a finite elastic domain S, whose external boundary is a circumference
L, of radius r and whose internal boundary is the elliptical contour L. From the virtual work equation [5], which
is also valid for the domain S, U S, by virtue of the condition that the quantities in (1.3) are continuous on L, it
follows that

h/2
AH A
/ / Ao Aey dSdrs =1, I = / KAQ+ 835 )Aw _AG Banw} ds.
—h/2 S,US. A

In the integral over L., the integrand function is of the order |2|=3 = r~3, which implies that I = O(r~2).
As r — o0, we obtain
h/2
/ AO'MAEM ds dl‘g =0.
—h/2 SUS.
By virtue of (1.4) and (1.6), this relation holds only for Acg; = 0 and Aoy = 0 (k,l = 1,2) everywhere in the
domain S'U S,.

This work was supported by the Russian Foundation for Basic Research (Grant Nos. 05-01-00673 and 05-
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